FINITE SUMS OF PROJECTIONS IN VON NEUMANN ALGEBRAS. 

HERBERT HALPERN, VICTOR KAFTAL, PING WONG NG, AND SHUANG ZHANG 

Abstract. We first prove that in a cr-finite von Neumann factor M, a positive element a with properly 
infinite range projection Ra is a linear combination of projections with positive coefficients if and only if the 
essential norm ||a||e with respect to the closed two-sided ideal J{M) generated by the finite projections of 
M does not vanish. Then we show that if ||a||e > 1, then a is a finite sum of projections. Both these results 
are extended to general properly infinite von Neumann algebras in terms of central essential spectra. 

Secondly, we provide a necessary condition for a positive operator a to be a finite sum of projections 

(«_^ ^ in terms of the principal ideals generated by the excess part a+ := (a — /)xa(l,oo) and the defect part 

Cn ■ Q— := {I — <i)Xa(0, 1) of a; this result appears to be new also for B{H). 

Thirdly, we prove that in a type IIi factor a sufficient condition for a positive diagonalizable operators 
to be a finite sum of projections is that T{aj^) — T{a—) > 0. 

!>' 
(N 



< 

o 



a 



> 



1. Introduction 



The goal of this article is to study the following two related problems in the context of general von 
Neumann algebras. 

r^ . (A) Which positive operators are linear combinations of projections with positive coefficients (called 

positive combinations of projections)? 
(B) Which positive operators are finite sums of projections? 
Let us first give some historical background about problem (A). Fillmore in [TU] proved that all operators 
in B(H) are linear combinations of projections. This result was extended to properly infinite von Neumann 
algebras by Pearcy and Topping [3T, to type IIi factors by Fack and De La Harpe 9^ and by Pearcy and 
Topping [32] , and to von Neumann algebras with no type I direct summands with infinite dimensional center 
f^ I by Goldstein and Paszkiewicz [TB]. It was also extended to several types of C* algebras by various authors 

\0 • including Marcoux [57], ESI and Marcoux and Murphy [25] , 

'nT I The first result specifically on problem (A) was obtained by Fillmore who proved in dL that positive 

f~^ ■ invertible operators in B{H) (for a separable Hilbert space H) are positive combinations of projections. This 

^D I result later was extended to all von Neumann algebras with no finite type I direct summands by Bikchentaev 

^-p ■ [21 Lemma 5] . In this article we present an alternative proof for the same result and provide an estimate of 

the number of needed projections f Proposition 12. 3p . 

It was remarked by Fillmore in '10^ that infinite rank compact operators on a separable Hilbert space 
k>( \ cannot be positive combinations of projections; Fong and Murphy in [T2j Theorem 11] showed that these 

j_j ■ operators are the only exceptions in B{H). 

Cd \ We prove that for ct— finite von Neumann factors that are finite or of type III, all positive operators are 

positive combinations of projections, while for a type IIoo factor M the only exceptions are, like in B{H), 
those operators with infinite range projection that belong to the ideal of relative compact operators (Theorem 
I2.12[ CoroUarv lS.Sp . For a general von Neumann algebra M, the ideal of relative compact operators J{M) 
is the closed two-sided ideal generated by the finite projections of M and was first studied by Breuer [3], [4] 
and Sonis [55] , 

For global von Neumann algebras, we obtain a characterization of positive combinations of projections 
with properly infinite range projection in terms of a spectral property of the operator (Theorem 12. 12p . Its 
connection with ideals is more technical (Theorem 13.41) and is formulated in terms of the notion of central 
essential spectrum relative to a central ideal. This notion was introduced by Halpern in a cycle of papers 
including 14 and jT5], (see also Stratila and Zsido [Mj). The relevant facts are summarized in Section [31 
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The key ingredient for our characterization both for the factor and non-factor case is Lemma 12.81 new 
also for B(H), which proves that the direct sum of an arbitrary positive operator and of a locaUy invertible 
operator on a "large" subspace is a positive combination of projections. A slightly weaker formulation of 
this lemma holds also for a large class of C*-algebras and is used in another paper [23]. 

Next we give some background on problem (B). Fillmore characterized the positive finite rank operators 
that are sums of finitely many projections: 

Theorem 1.1. [Ill Theorem 1] Let a £ B{H)~^ have finite rank. Then a is a sum of projections if and only 
z/Tr(a) > rank{a) and Tr(a) 6 N. 

As reported in a survey article [37l Theorem 4.12] by Wu quoting unpublished joint work of Choi and Wu 
in 1988, they proved that positive operators with essential norm greater than 1 are finite sums of projections. 
This result is presented together with other related results in their recent paper [S] Theorem 2.2]. The special 
case of al with a > 1 follows also from a delicate analysis which characterize the numbers a for which al 
is a sum of at least n projections (see in [25] and several other papers.) 

In recent years related topics became quite active again. In [8 Dykema, Freeman, Kornelson, Larson, 
Ordower, and Weber, motivated by problems in frame theory, proved by different techniques that all positive 
operators with essential norm greater than 1 are strong sums of projections. Their work inspired other papers, 
including [I], [24], and work by three of the authors of the present article ([2T, [22], [23]). 

[21| obtained a characterization of strong sums of projections in properly infinite cr-finite von Neumann 
factors (thus including B{H)) and for diagonalizable operators, also in type II factors. These characteriza- 
tions were given in terms of the excess and defect operators a+ and a_ which will play an important role 
also in the present paper (see Definition 15.31 and Theorem 15.41 for a precise statement.) 

|22) presented a characterization of strict sums of projections in the multiplier algebras of cr-unital purely 
infinite simple C* algebras and '23' provided sufficient conditions for operators to be finite sums of projections 
in the multiplier algebras of cr-unital purely infinite simple C* algebras. 

The full problem (B), i.e., the complete characterization of the positive operators that are finite sums of 
projections is still open even in the B{H) case, but we present some sufficient and some necessary conditions. 

For (7— finite factors a sufficient condition is the natural B{H) analog: having the essential norm larger 
than 1. The essential norm is relative to the compact ideal J{M), namely the norm in the quotient algebra 
M/J{M) (see Corollarv l4.4p . In the type III case, J{M) — {0} and hence the condition is for the operator 
to have norm larger than 1. 

For global algebras we replace the essential norm with the "central essential norm", again in terms of 
central essential spectra with respect to a certain central ideal (Theorem l4.31 ) The reader mainly interested 
in factors or, in particular, in B{H), can simply assume that all the "central" objects mentioned are scalars. 

Our approach is based on Lemma 14.21 where we show that the direct sum of an arbitrary positive operator 
and a scalar multiple greater than 1 of a "large" projection is always a finite sum of projections. As a 
consequence, we obtain in Theorem l4.3l that if the "central essential norm" of an operator a G M"*" is greater 
than and bounded away from the identity, then a is a finite sum of projections. Restricted to the special 
case B{H), our approach gives an alternative proof to the result of Choi and Wu [5], and hence, of Dykema 
and all [8;. 

Then in Theorem l5.5l we find necessary conditions for a positive operator a to be a finite sum of projections. 
It is formulated in terms the two-sided (non-closed) principal ideals of M generated by the excess and defect 
operators of a. This condition is new for B{H) and generalizes some results in [5] (see Remark 15.101 for more 
details). 

From the initial work of Fillmore, Pearcy, and Topping, the finite case has proven to be more delicate than 
the properly infinite case. In [2H Theorem 1] we considered positive diagonalizable operators in a IIi factor 
M with trace r and proved that the inequality T{a^) > T{a^) is necessary and sufficient for a to be a strong 
sum of projections. Via a different and considerably more complicated analysis, we show in the present 
article (Theorem 16. 4|) that the strict inequality T{a-^) > T{a-) is sufficient also for a to be a finite sum of 
projections. However, the problem remains open when a is not diagonalizable or when T{a^) ~ T{a^). 

We wish to thank Pei Yuan Wu, Viacheslav Rabanovych, and Kostyantyn Yusenko for very useful infor- 
mation and references in this research area. 
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Notations: 
For every x G M, we will denote by \x~\ the smallest integer n > x and by [x\ the largest integer n < x, i.e., 
the the integer part of x. 

For every self-adjoint element a, Xa will denote the (projection valued) spectral measure of a and Ra the 
range projection of a 

We shall use standard notations for von Neumann algebras. M will be a von Neumann algebra represented 
on a Hilbert space H. In general, we will not assume that M is a factor nor that it is a- finite (i.e., countably 
decomposable). For semifinite algebras, r will denote a faithful, normal, semifinite trace. Z = M D M' will 
denote the center of M. li p G M, c{p) will denote the central support oi p and Mp the restriction oi pMp 
to the subspace pH. Wc will identify Mp with pMp. 

J{M) will denote the closed two-sided ideal generated by the finite projections of M. If Af = B{H), then 
J{M) is the ideal K{H) of the compact operators on H. If M is type III, then J{M) = {0}. The essential 
norm with respect to the J{M), i.e., the quotient norm in M/ J{M) is denoted by || • l|e. 



2. Positive combinations of projections 

Goldstein and Paskiewicz proved in |13| that a von Neumann algebra has the property that its elements 
are linear combinations of projections in the algebra if and only if the algebra has no finite type I direct 
summands with infinite dimensional center, i.e., if it is a direct sum of a properly infinite algebra, a type IIi 
algebra, and at most a finite number of matrix algebras. 

Using his characterization of sums of two projections [HI Corollary of Theorem 2], Fillmore proved in 
[111 Corollary of Theorem 3] that every positive invertible operator acting on a separable Hilbert space can 
be decomposed into a positive combination of projections. 

It is easy to see that this property does not extend to general von Neumann algebras. 

Lemma 2.1. Let A be an infinite dimensional abelian von Neumann algebra. Then there are positive 
invertible operators in A that are not linear combinations of projections. 

Proof. Since A is infinite dimensional, it contains an infinite sequence {e^} of mutually orthogonal projections 
with X]fe=i 6fc ~ ^ ■ Let /ife S [1, 2] be a sequence with infinitely many distinct entries. Let a := X]fc=i l^k^k- 
Then a € A and a > I, hence it is a positive invertible operator. We claim that a is not a linear combination 
of projections in A. Assume by contradiction that a = X^i^i ^jPj ^^^r some Xj G C and projections pj G A. 
Since the projections commute, we can subdivide them into mutually orthogonal projections and thus obtain 
that a = X^fci Kp'i with p', mutually orthogonal projections in A. But then, on the one hand we would 
obtain that the spectrum Sp(a) — {A^}" is finite and on the other hand that Sp(a) — {fJ-kJT is infinite, a 
contradiction. D 

Abelian von Neumann algebras are a special case of finite type I algebras. In [U Lemma 5 (C)], Bikchentaev 
proved using |13l Theorem 3] that in any von Neumann algebra with no finite type I direct summands, positive 
invertible operators are always positive combinations of projections. 

In the following proposition we present a proof of this result that provides an explicit estimate of the 
number of projections required, which we need in Theorem 16.41 below. Our proof is an adaptation of Pong's 
B{H) argument in [TT, Lemma 8], based on the notion of the following algebra constants No and Vo, which 
he introduced for B{H), but which exist also for many other operator algebras: 

Definition 2.2. An operator algebra M has constants N^ and Vo if every selfadjoint operator a ^ M can be 
decomposed into a real linear combination a = J2i=i '^jPj of No projections Pj G M such that 

No 

Y^\a,\<Vo\\a\\. 

The existence and the estimates of the constants No and Vo for von Neumann algebras with no finite type 
I direct summands with infinite dimensional center are given in Theorems 1-3 in [13] . explicitly for No, and 
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implicitly (i.e., as a simple consequence of the statements of the theorems) for Vo'- 

If M is properly infinite then No = 6 and Vo = 8; 
(1) if M is of type IIi, then No = 12 and Vo = 14; 

if M is the direct sum of m matrix algebras, then No = m + A and Vo = to + 4. 

Proposition 2.3. Let M be a von Neumann algebra that has no finite type I direct summands with infinite 
dimensional center and hence has constants No and Vo- Assume that a G M is positive and is invertible. 
Then a is a positive combination of No + \Vo[ ||a||||a "'^H ~ Ijl + 1 projections in M. 

Proof. Set v := i, lin . Then a>vl and Xai^, Iklll^l- Partition the interval [v^ ||a||] into n = [Vo( -^ — 1 
equal subintervals with endpoints A^ and set 

\xa[v,\l\ k^l Ah V^ \ 

Ck '■— { and b := a — > Aoe,-. 

\xa{\k-iAk\ 2<k<n. ^tt 



Then YT,=i e^ =I,b>0 and 



|5||<^^-^<f 
n Vo 



By the hypothesis that M has constants No and Vo, we can decompose b = X]i=i '^ili ^^^° ^ ^^^^ linear 
combination of No projections qi € Af satisfying the condition that X)i=i l*^*! — ^o||i'|| < i^- But then 

n No 





- j/)ej 


i=l 




- j/)ej 


ai>0 



ai<0 Qi<0 

As desired, the number of projections in the above linear combination does not exceed No + n + 1 and all 
the coefficients are nonegative. D 

A positive element a such that a > vRa for some v > Q \s invertible in the reduced algebra M^^ . We call 
such an element locally invertible. 

If p is a projection in M, we identify Mp with the hereditary subalgebra pMp of M . Clearly, if a S Mp 
is a linear combination of projections in Mp, then a is also a linear combination of projections in M . The 
converse, however, does not hold: a can be a linear combination of projections in M, but as the restriction 
to pH of a projection q fails to be a projection unless q commutes with p, it does not follow that a is a linear 
combination of projections in Mp. If however a = X]^=i ^jPj i^ ^ positive combination of projections in M, 

then pj < —a< ^^p and hence pj G Mp for all j. Thus a is also a positive combination of projections in 
Mp. To summarize: 

Lemma 2.4. Let a S M'^ . Then a is a positive combination of projections in M if and only if a is a positive 
combination of projections in Mr^ . 



Thus an immediate consequence of Proposition 12.31 and its proof is the following. 

Corollary 2.5. Let a G M^ and assume that is locally invertible, i.e., a > vRa for some v >Q, and that 
Mn^ has constants No and Vo. Then a is a positive combination of No + [^.(^^ — l)] + 1 projections in 
M. 

Recall that Mfj^ has constants A^o and Vo if and only if Mji^ has no finite type I direct summands with 
infinite dimensional center. To guarantee that this holds for every a G M, we must assume that M itself has 
no (finite or infinite) type I direct summands with infinite dimensional center. 

Corollary 2.6. A von Neumann algebra M has the property that every positive locally invertible operator 
in M can be decomposed into a positive combination of projections in M if and only if it has no type I direct 
summands with infinite dimensional center. 
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Proof. Assume that M has no type I direct suniinands with infinite dimensional center and let a G M^ be 
locally invertible. Then a is invertible in the reduced algebra M^^. Now M/j^ has also no type I direct 
summands with infinite dimensional center and hence a fortiori, has no finite type I direct summands with 
infinite dimensional center. Thus the conclusion follows from Proposition 12.31 and Lemma 12.41 

For the opposite implication, assume by contradiction that M has a type I direct summand Mg with 
infinite dimensional center (M n M')g, for some central projection g. By definition there is an abelian 
projection p G M with central support c{p) = g and hence Mp = {M n M')p is an infinite dimensional 
abelian algebra. By Lemma 12.11 Mp contains positive invertible operators that are not positive linear 
combination of projections in Mp. Seen as elements of M, they are positive locally invertible and by Lemma 
2.41 they are not positive combinations of projections in M. D 



Question 2.7. In the case of finite type I algebras with infinite dimensional center we are not aware of 
conditions that determine which elements are linear combinations or are positive combinations of projections. 

Invertibility is of course not a necessary condition for a positive operator in B{H) to be a positive 
combination of projections - indeed by the spectral theorem, all positive finite rank operators are positive 
combinations of projections. Fillmore noted that compact operators with infinite rank cannot be a positive 
combination of projections [101 Remark 5]. Fong and Murphy showed in [T^ Lemma 9] that these are the only 
exceptions. To extend this result to von Neumann algebras, we will will need to follow a different approach. 
The key steps is provided by the following lemma which shows that a direct sum of a positive operator with 
a positive invertible operator of "sufficiently large" range is a positive combination of projections. 

Lemma 2.8. Let e and f be orthogonal projections in M with e ^ / and such that Mf has no finite type I 
direct summands with infinite dimensional center. Let b = be = eb, d = df = fd be positive elements in M 
such that d> vf for some v > Q. Then a :— b + d is a positive combination of projections in M. 

Proof. If & = 0, then a = d is an invertible operator in the algebra Mf, thus a is positive combination of 
projections in M by Proposition 12.31 and Lemma [2^ Assume from now on that b ^ 0. 

We first prove the statement under the additional assumption that ly > \\b\\. 

Choose a partial isometry v G M for which v*v — e and /' :— vv* < f. With respect to the matrix units 
e,w,w*,/', define the projections 

1--= . , ""' . .1/2 ^""' f^' and g+ 

2 




Then q- + q+ = jr^b + 2/' - jp-u6w*, and hence 



a=^^q_+^Bq^ + d-\\b\\f' + vbv*. 

Since 

d-\\b\\f + vbv*>d-\\b\\f'>i:.~\\b\\)f, 

it follows by Proposition 12.31 and Lemma [2^ that the locally invertible element d— \\b\\f' + vbv* is a positive 
combinations of projections in Af , and hence, so is a. 

Now we remove the assumption that i/ > ||fe||. First of all, we reduce the proof to the case when b itself 
is locally invertible. By [TF, Lemma 3.2], we can decompose f = f + f" into the sum of two projections 
/' ^ f" ^ f that commute with d. Then 

a = bxbiO, ^) + df + 5xfc[^, oo) + df. 

Now Xb{0, |) < e ^ / ~ /', \\bxb{0, |)ll < f while df > vf, and Mf,, like Mf, has no finite type I direct 
summands with infinite dimensional center. Thus for the first part of the proof, &Xb(0, ^) + df is a positive 
combination of projections. It remains to consider &x&[fj oo) + df" , or, to simplify notations, to just assume 
that b > fe. 

Now we decompose the central support c(/) of / into the sum of four central projections 

c(/) = .91 +32+33+34 
(some of which can vanish) as follows 
9i '■= c{f) — c(e) (notice that e -< f implies that c(e) < c{f);) 
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(72 is such that Mg^a has no finite type I direct summands with infinite dimensional center and M^ ± is a 
finite type I algebra; 
gaf is finite; 
g^f is properly infinite. 

Thus a = X^i^i '^9ii ^o it is enough to prove that agi is a positive combination of projections for i — 1, ■ ■ ■ ,4. 
Since agi — d{c{f) — c(e)) > vf(^c{f) — c(e)) and M / \ being a direct summand of Afj, also has 

no finite type I direct summands with infinite dimensional center, the conclusion follows from Proposition 
Oand Lemma [231 

Since ag2 — beg2 + dfg2 is a sum of two positive locally invertible operators and both Meg^ and Mfg^ 
have no finite type I direct summands with infinite dimensional center, the conclusion follows again from 
Proposition 12. 31 and Lemma [2.41 

Since Meg^ is a finite type I algebra then egs is a finite projection and Mg^ is a type I algebra. Mg^ must 
have a finite dimensional center, because otherwise the center of Mjg^ would be infinite dimensional as well, 
and since fgs is finite this would contradict the assumption that Mj has no finite type I direct summands 
with infinite dimensional center. Since (e + f)g3 is finite, we thus see that M(e+/)g3 is a finite sum of matrix 
algebras. Therefore ag^ G M^^^^f^g^ is a positive combination of projections by the spectral theorem. 

Finally, consider 034. Choose an integer k > ^^ and by [15| Lemma 3.2], decompose fg^ into a sum 

fgi = X]i=i fi of k mutually orthogonal projections fj ^ fg^ that commute with ^174 and hence with d. 
Then 



k 



.1 



a.94 = bg4 + dg^ = V] {^begi + dfj^ . 

For every I < j < k, eg^ _L fj, eg^ -< fg^ ^ fj, fj is properly infinite, Mf. has no finite type I direct 
summands with infinite dimensional center, and 

dfj ^ fjd>vfj with v>\\-heg4\\. 

Thus by the first part of the proof it follows that T&e34 + dfj is a positive combinations of projections in M 
for every 1 < j <k and hence so is 034. This concludes the proof. D 

Remark 2.9. 

(i) The first part of the proof with the additional assumption that v > \\b\\ holds without changes also for any 
C* -algebra for which all positive locally invertible element are positive combinations of projections. These 
algebras include, among others, all properly infinite simple a-unital C* -algebras and their multiplier algebras. 
We will focus on such C* -algebras in [23 j . 

(ii) A key tool in this proof and also in the proof of Theorem \4.3\ below, is the fact that in a properly infinite von 
Neumann algebra, given a selfadjoint operator (or, equivalently, given a masa) the identity can be decomposed 
into the sum of two equivalent projections commuting with the operator (equivalently, belonging to the masa). 
This result was established by Halpern in 15, Lemma 3.2] and then obtained by different methods in the case 
of a -finite algebras by Kadison [16j (see also an extension by Kaftal in [19 j. 



Notice that the operator a in Lemma [2.81 satisfies the condition 

(2) 3 (5 > such that Xa{^ ^ 5) ^ Xa[5 , 00) . 

It is easy to see, and it can also be obtained as a simple consequence of Lemma [2.101 below, that if A/_r^ is 
properly infinite, then condition ([2]) is equivalent to 

(3) 3 (5 > such that Xa[(5, 00) ^ Ra. 

In Theoreni l2.121 we will see that condition ([2|) is sufficient for a to be a finite sum of projections and is also 
necessary when Ra is properly infinite. 

First, we need a result for which we could not find an explicit reference. It the generalization of the well 
know fact for B{H) that if the supremum of a finite number of projections is infinite then at least one of the 
projections must be infinite. 
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Lemma 2.10. Assume that M is properly infinite and that \/!=i Pj ^ ^ /"^ some projections pj £ M . Then 
there is a family of mutually orthogonal central projections gj, some of which may he zero, with X^i^i 9j = ^ 
and for which Pjgj ^ gj for every j . 

Proof. The proof is by induction on n. Let us first prove the claim for n = 2. Assume first that pi Vp2 = I- 



Since / is properly infinite, we can find q 
central projection g such that 



q 



I. By the comparison property of projections, there is a 



(4) 
(5) 
Then 



= {q^pi)g + {q-q^pi)g 
-< {q^ f\pi)g + {q-qf\pi)g 

- [q^ Api)g+{qypi-pi)g 



^pig 








-(PiV 


'P2 


-pi)g 




~ (P2 - 


'Pi 


AP2)5 




<P25 








<g- 








Thus P25 ^ 


g- 


Similarly, 


Pig^ 



{qApi)g^ [q^ Api)g 
{q^ Api)g^ ^{qApi)g^. 



(since q ^ I) 



(by (HI), since g^ A Pj"- Lq-qApi) 
(by Kaplanski's Parallelogram Law, since q^ Ap^ _L qV pi — pi) 



(by Kaplanski's Parallelogram Law) 



g 



Next, consider the case when pi Vp2 "^ I-i i-G-; there is an isometry w such that w*{pi M P2)w — I. Then 
w* piwM w* P2W — I, hence by the first part of the proof, there is a central projection g such that w*piwg ~ g 
and w*p2wg^ ^ g^ . But then pig ^ g and P25^ ^ g^ which concludes the case n — 2. 

I and hence 



Now assume that the property holds for n — 1 and that V?=i Pj ^ ^ ■ Then pi V f V?=2 Pj 
by the result for n = 2, there is a central projection gi for which pigi ~ ei and 



J=2 



ei. 



(6) 

Ife^ 

hence by the induction hypothesis applied to the projection {pjei}2 i^ the properly infinite algebra M^^, 

we obtain a decomposition of e^ — X]^=2 ^j ^^^'^ mutually orthogonal central projections in Af^i for which 



0, i.e., ei — /, we choose Cj = for j > 2 and we are done. If e^ ^ 0, then by ([5]), V? 



j=2 yPj'^i ) 



Pj^i ^j 



Pj^j — fi^i ^3 '~ "^3- 

Of course, the central projections {ej}2 thus found in the center of M^± can be identified with central 
projections in M (e.g., see [6, Ch I Sect 2 Corollaire, Proposition 2]), which concludes the proof. D 

The following lemma is based on and partially overlaps with the proof of [18, Lemma 2.6]. 

Lemma 2.11. If a E M+ and assume that a — ^ ■ \jPj for a (finite or infinite) collection of scalar s Xj > 
and projections pj € M , where the sum converges in the strong topology in case the collection is infinite. 
Assume furthermore that S := inf Aj > 0. Then for every j, Xa(0, 6) -< Ra — Pj and Pj -< Xa[S, c>o). 

Proof, li a > Xp for some A > and some projection p G M , then 

||ai/2^|| > Ai/2||e|| y^epH 
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Since Xa(0,A) = Xq1/2(0, A^/^), we see that Xa(0, A)i7 Hpi/ = {0}, i.e., Xa(0,A) Ap = 0. But then, by 
Kaplanski's Parallelogram Law, 

XaiO, A) = Xa(0, A) - Xa(0, \) A p ^ (Ra - p) ~ (Ra - p) A {R^ - Xa{0, A)) < Ra - P 

and thus 

Xa(0,A) -<Ra-p. 
Also 

P = P-PA Xa(0, A) - (i?a - Xa(0, A)) - (i?a - Xa(0, A)) A (i?a ~ p) < Ra ^ Xa(0, A) = Xa[A, Oo), 

and thus 

P -< Xa[A,oo). 
Since a > XjPj for every j, we thus have 

Xa(0,(5) < Xa(0, Aj) ^ i?a -Pj and pj -( Xa[Aj, oo) < Xa[<5, oo). 

D 

Theorem 2.12. Let M &e a von Neumann algebra and let a G M^ . 

(i) Assume that Mr^ has no finite type I direct summands with infinite dimensional center and that there is 
a (5 > such that Xa(0,(5) -< Xa[i5, oo). Then a is a positive combination of projections in M. 

(ii) // Ra is properly infinite, then a is a positive combination of projections in M if and only if there is a 
(5 > such that Xa(0, S) -< Xa[S, oo). 

(iii) // Mn^ is a finite sum of finite factors or of a -finite type III factors, then a is always a positive combi- 
nation of projections in M. 

Proof. 
(i) Assume that Xa(0,(5) -< Xa[S, oo) for some S and set 

e:=Xa(0,(5) /:=Xa[^,oo) 

b := aXa{0,S) = ae d -.^ aXa[S,oo) ^ af. 

Then a = b + c and Ra ~ e + f. Since c(e) < c(/), it follows that c(/) = c{Ra)- Assume by contradiction that 
Mf had a finite direct summand Mfg of type I with infinite dimensional center for some central projection 
g < c{f). Then it would follow that Mg is a type I algebra with infinite dimensional center and that fg is a 
finite projection. But then eg too is finite and hence so is Rag- But then Mj^^g too would be a finite type I 
algebra with infinite dimensional center against the assumption. Thus the hypotheses of Lemma 12.81 applied 
to a = b -\- d are satisfied and hence a is a positive combination of projections. 

(ii) Since Ra is properly infinite, then Mr^ has no finite direct summands of any type, so a is a positive 
combination of projections in M by (i). 

Conversely, assume that a is a positive combination of projections, i.e., a = X^^i ^jPj fo^ some scalars 
Aj > and projections pj. To simplify notations, assume that Ra — I, i.e., \/i Pj — I- Let S = miuj Aj. By 
Lemma I2.11[ pj -< Xa [^, oo) for all 1 < j < n and by Lemma I2.10[ there is a family of mutually orthogonal 
central projections Cj with X^fci^j — ^ f'^'" which pjCj ^ Cj. Then Cj -< Xa[^TOo)ej for all j, and hence, 
Xa[^,oo) - /. Thus © holds, 
(iii) Assume, without loss of generality, that Ra = I and that M is a factor. 

If M is of type /„, i.e., a matrix algebra, then the conclusion follows from the spectral theorem. 

If M is of type IIi and r is the canonical trace, then T(xa(0, 5)) — > for (5 — > 0. Choose a 5 > so that 
'''(Xa(0, 5)) < T(xa['5, oo)). Then Xa(0,(J)) -< Xa[5,Qo) and hence a is positive combination of projections by 

(i). 

If M is a (T-finite type III factor, then all nonzero projections are equivalent, and hence, the condition ^ 
holds trivially. Again, the conclusion follows from (i). D 

The following example shows that condition ^ may not be necessary when M is neither properly infinite 
nor it is a finite sum of finite factors. 
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Example 2.13. Assume that M = X]?^i ^^j ^^ '^^ infinite direct sum of finite factors Mj such that each 
Mj contains three mutually orthogonal and equivalent nonzero projections ej,fj,gj. Choose a sequence 
(0, 1) 9 Aj — >■ 1 and define 

a, := (1 - A,)e, + (1 - A,)/, + (1 + 2A,)g, 

and a := ®,-^x%- ^y Theorem \1.1\) . each Oj is the sum of three projections, and hence, so is a. In 
particular, a is a positive combination of projections. However, for every < S < I, we have 

oo 

Xa(O,5)=0Xa,(O,<5)= (e,+/,) 

j^l l~Xj<S 

oo oo 

Xa['5,oo)=0Xa,['^,oo) = 0g,+ (e,+/,). 

j=l j=l l^\j>S 

Since Cj + fj -/^ gj, it follows that Xa(0, S) -/^ Xa\^^ oo)- 

3. Central essential spectra 

Fong and Murphy in [12, Theorem 11] proved that if a G B{H)^ [H infinite dimensional and separable) 
and Ra is infinite, then a is a positive combination of projections if and only if a ^ K{H), i.e., if and only if 
||a||e > 0, where ||a||e denotes the essential norm. A natural extension of this result is to the case of cr— finite 
properly infinite von Neumann factors, by replacing K{H) by the ideal of relative compact operators J{M) 
generated by the finite projections of M. This can be deduced easily from Theorem 12.121 and is a special 
case of Theorem 13.41 below. 

For von Neumann algebras that are not cr— finite, however, we need more general central ideals and if 
the algebras are not factors, we need the corresponding center-valued version of the essential spectrum, the 
central essential spectrum. The need for the latter is illustrated by the following example. 

Example 3.1. Let M ~ ®k=i ^(^I), where H is an infinite dimensional separable Hilbert space and let 
a — ®fe^]^ flfe £ A/+. As.sume that Ra is properly infinite. Then a is a positive combination of projections if 
and only if for some v > 

CX) 

Cn(a):=0(||afc||e4) > M^a)- 
fe=l 

Notice that J{M) — ®i^^iK{H), hence \\a\\^ ~ supj. ||aj.||e. Thus in particular the condition that ||a||e > 
is not sufficient for a to be a positive combination of projections. 

Proof. For the necessity of the condition, let a — X]i=i ^jPj for some Xj > and projections pj — ®/,^]^ Pjk- 
Then at = "Yl^j^i XjPjk for every k. Let tt : B{H) -^ B{H)/K{H) denote the canonical quotient map. 
Then since iT{ak) = J2l=i'^j^iPjk)j it follows that ||afe||e := ||7r(afe)|| > Aj||7r(pjfc)|| for every k and j. Now 
||7r(pjfc)|| G {0, 1} and by the assumption that Ra is properly infinite, all the summands a^ are either or 
have infinite rank, i.e., {Ra)k = Ruk = \l j=\Pjk is either or an infinite projection. Thus if ak ^ 0, then 
there is at least one index j for which pjk is infinite, in which case T:{pjk) ^ and hence ||7r(pjfe)|| = 1. But 
then, llofclle > miuAj. Let v := minAj. Then i/ > and ®^i (||afc||e/fe) > vc{Ra). 

For the sufficiency of the condition, notice that for any < 5 < u and for every k for which Ok ^ and 
hence ||afc||e ^ v it follows that Xau [^^ oo) ~ Ik and hence 

Xq[(5, oo) = Xafc [5, oo) ~ Ik ^ Ra- 

k afcT^O 

Thus the condition ([2]) is satisfied and hence by Theorem I2.12i a is a positive combination of projections. 

D 

The operator Cu{o,) — ®^]^ (||afc||e-^fc) is largest element in what is called the central essential spectrum 
of a, which in the case of a direct sum of factors is easy to describe as: 

oo 

Z-Sp(a) := {0 {ti-klk) 1 A*fc e cre(afc)}. 

k=l 
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For arbitrary von Neumann algebras, central essential spectra were introduced in the study of central ideals 
by Halpern [T3] . Example 13.11 suggest a reformulation of the condition 1^ in Theorem 12.121 (ii) in terms of 
central ideals and central essential spectra. 

For the reader's convenience we summarize the notions from [14j concerning central ideals and central 
essential spectra that will be need here. The reader interested only in cr-finite factors can skip the remainder 
of this section. 

An ideal 3 in a von Neumann algebra M is called central if whenever {g^l^gr is a family of mutually or- 
thogonal central projections g^ and {a^j-^gr is a norm-bounded family of elements of 3, then a :— X^-ygr '^7^7 
belongs to 3- 

Denote hy Z :— M DM' the center of the von Neumann algebra M. For every properly infinite projection 
p G M and every central projection / > c{p), (recall that c{p) denotes the central support oip,) let 3f{p) be 
the norm closed two sided ideal of M whose set of projections is 

{q & M \ q < f and pg ~< qg for some projection 5 G Z ^ pg — 0.} 

Thus by definition 

and a projection q belongs to 3c{p){p) if and only ii q ^ p and qg 9^ pg for all central projections ^ g < c{p). 
Then 3f{p) is central and every central ideal 3 has this form. If we further assume that 3f{p) — Mf, then 
/ is unique and p is unique up to Murray-von Neumann equivalence ([HI Theorem 2.4, Propostion 2.5]). 

To simplify notations, identify Z with C{X), with X a compact Hausdorff extremely disconnected space. 
X is called the spectrum of the abelian algebra Z and is identified by the Gelfand theorem with the collection 
of the closed two-sided maximal ideals of Z. For every C G -^ let [Q denote the closed two-sided ideal of M 
generated by (. For every closed two-sided ideal 3 of M, 3 + [C] is also a closed two-sided ideal of M and 
T^3+[C] denotes the canonical quotient map M -^ M/{3 + [(]). 

Given a central ideal 3 and an element a G M, the central essential spectrum of a is defined as the 
collection 

Z-Sp(a) ■.= {zeZ\ z(C) e Sp(7rg+[^](a)) for ah C £ X}. 
Then Z-Sp(a) is always a non-empty subset of the center (more precisely, of the center of Afc(_R„)) and 
is closed in the strong operator topology [111 Theorem 3.5, Proposition 3.9]. If a ~ a*, then Z-Sp(a) is 
selfadjoint and has |:14, Proposition 3.12] a maximal element Cu{a) £ Z-Sp(a) given for aW C, £ X by 

C«(a)(C) : = maxSp(7rg+[^](a)). 

When a is positive, Cu{a) takes the role of "central essential norm". Since we consider only one central 
ideal at a time, to simplify notations we will not mark explicitly the dependence on 3 of Z-Sp{a) or of the 
maximal element Cu{a)- 

Recall the well- know property in B{H) [H infinite dimensional separable): if a S B{H)^ , then ||a||e > v 
if and only if for every e > the spectral projection Xa[v — e, 00) is infinite (equivalently, Xa[v ~ e, 00) ^ /.) 
It is implicit in [14] that this characterization extends to the central essential spectrum in the context of 
properly infinite von Neumann algebras, but for the readers' convenience we make the connection explicit, 
listing only the facts that we need for this article. 

From now on, fix an a G A/+ with properly infinite range projection Ra and set 3 '■= 3c(Ra)i^a)- Notice 
that the operator ©^^ (ll'^fcHe-^fc) in Example 13.11 is indeed the element Cu{a) relative to this ideal 3- 

Lemma 3.2. If z £ Z-Sp{a), e > and p := Xa-z[~^,e-]. Then Ra -< p- 

Proof. To simplify notations, assume that c{Ra) = /. Reasoning as in [T31 Proposition 2.9], let / be the 
maximal central projection for which Raf -< pf ■ If Ra9 -< pf^g for some central projection g, then also 
Raf^g -< pf^g- By the maximality of /, it follows that f^g = 0, and hence that Rag — 0. By definition, 
pf^ G 3. By [m Proposition 3.13], /-^ = and thus Ra ^ P- □ 

Proposition 3.3. Let i^ > 0. Then Cu{a) > vc{Ra) if and only if Xa[v ~ e, 00) ^ Ra for all < e < v. 

Proof. Without loss of generality, assume that c{Ra) = I- For a fixed < e < i^, to simplify notations let 
z := Cu{o) and p := Xa-z[—£, e]- Assume first that z = Cu{a) > vc{Ra)- Since p commutes with a — z, it 
commutes also with a. Then 

{v — e)p < zp — ep < ap < zp + ep < {\\z\\ + e)p. 
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Hence 

P < Xa[v - e, ||2;|| + e] < Xa[v - e, oo) < Xa(0, oo) = Ra- 

But Ra -< phy Leinnia 13.21 hence Ra '^ Xa[^ ~ £i oo). 

Assume now that for every < e < v we have r := Xa[i^ — e, c)o) ^ Ra- Then a > ar > (v — e)r. Thus for 
every (^ ^ X we have 

7rj+[c](a) > (j/-e)7rg+[^](r), 

and hence 

Cu{a){0 =niax{Sp(7rg+[(;](a))} = IKg+j^;] (a)|| > (i^ - e)||7rg+[(;](r)||. 

Since 7rg_|_r^i(r) is a projection, ||7''g_|_[^i(r)|| is either or 1. Reasoning by contradiction, assume that for some 
Co G X, we have ||7rg+[ij^](r)|| — . The function 

X9C^lka+[C]W||eR 

is continuous by [HI Theorem 3.2], and hence ||7rg+[^](r-)|| vanishes on a cfosed set containing Co- This set 
is clopen because the spectrum of any abehan von Neumann algebra is extremely disconnected, thus the 
characteristic function of this set is also continuous. Hence that characteristic function is identified with 
a projection g in the center of M. Then by [14, Lemma 3.1], rg G 3- Since r ~ Ra, reasoning as in |14[ 
Proposition 2.9], it follows that g — 0, a. contradiction. Thus ||7rg+[|^](r)|| = 1 for all C, i-e., Cu{a){Q > v — e 
for all C- Thus Cu{a) > {v — ()I and hence Cu{o) > vl. D 

Notice that the existence of z^ > such that Xa[v — ^,00) ^ Ra for all < e < v \s obviously equivalent to 
the existence of 5 > such that Xa[<5i 00) ^ Ra (condition (|31)), which in turns as we have already remarked, 
is equivalent to condition ^. In other words, we can reformulate condition (ii) in Theorem 12 . 1 21 in terms of 
central essential spectra as follows. 

Theorem 3.4. Let a e A/+ have properly infinite range projection Ra and let J — Jc{Ra){Ra)- Then the 

following are equivalent: 

(i) a is a positive combination of projections in M . 
(ii) There is a S > for which Xa(0, S) -< Xa[S, oo)- 
(iii) There is a d > for which Xa[S, 00) ^ Ra- 
(iv) Cu{a) is locally invertible, i.e., there is a 1/ > for which Cu{a) > vc{Ra). 

In the case when M is a properly infinite cr— finite factor, and Ra is infinite, then Cu{a) — ||a||e^ where 
II • lie is the essential norm relative to the relative compact ideal J{M). Thus condition (iv) is equivalent to 
asking that a ^ J{M). This the generalization of the Fong and Murphy characterization in B{H) in [T^ 
Theorem 11]. 

Corollary 3.5. Let M be a properly infinite a— finite factor and let a G M^ have a properly infinite range 
projection Ra. Then a is positive combination of projections if and only if a ^ J{M). 

4. Finite sums of projections in properly infinite algebras 

In this section we prove, for general properly infinite von Neumann algebras an analog of the B{H) 
result in [5] that positive operator with essential spectrum larger than 1 are finite sums of projections. Our 
approach, which is different from the one by Choi and Wu, is to decompose the operator into an infinite sum 
of blocks, where each block is a sum of not more than a fixed number of projections and where the blocks 
separated by more than one index are orthogonal. The following simple folklore lemma shows how to then 
reassemble this infinite sum into a finite sum of projections. 

Lemma 4.1. Let {bj} be a sequence of positive elements of M such that 
(i) Rb^Rb^ ^ for all \t - j\ > 1, 
(ii) bj is the sum of Nj projections in M, and 
(in) N := sup Nj < 00. 

Then b := X^^i ^j *■' ^^^ ■''^"^ of 2N projections in M. 
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Proof. Let 

OO CXD 

bo := ^ &2J-1 and be := ^ &2j- 

By hypothesis, the range projections of the elements 62^-1 are mutually orthogonal, and so are those of 
the elements 62^- Since sup,- ||&j|| < N, both series converge in the strong operator topology and hence 

b — bo + be- Set bj — J2k=i Ij.k where qj^k are projections in M (some of these projections can vanish.) For 
each 1 < fc < TV, let 

00 00 

<lo,k ■=^q23~i.k and qe,k ^■=^q2j,k■ 
Both series being the sum of mutually orthogonal projections converge to a projection. Thus bo — J2k=i 1°,^ 
and be = 'Ylik=i 1e,k are each the sum of N projections in M and hence b = bo + be is the sum of 2N 
projections in M. D 

The following is one of the key lemmas in this paper. The core of the argument is based on Fillmore's 
characterization of finite sums of finite projections (see Theorem II. 1|) . 

Lemma 4.2. Let M be a von Neumann algebra and e and f be orthogonal projections in M such that e -< / 
and f is properly infinite. Let a = be + af where a > 1 and b = be = eb > 0, Then a is the sum of finitely 
many projections in M . 

Proof. We first reduce the problem to the case when & is a scalar multiple of e and / = X]fc=i ^k is an infinite 
sum of projections equivalent to e. 

Decompose / = f' + f" into a direct sum of two equivalent projections, /' ^ f" ^ f. Since / and hence /' 
are properly infinite, Mf has no direct finite summands. Thus Lemma 12.81 applies and b + af is a positive 
combination of projections. Say 

n 

for some n G N, [3j > 0, and projections pj G M. Further decompose the properly infinite projection 
/" = X)j=iPi i^-t'-' ^ sum of n mutually orthogonal equivalent projections fj ~ /" '^ f. Then 

n 

a = ^{/3jpj + afj), 

where pj < e + /' _L /" and hence pj _L fj for all j. Furthermore, Pj ^ f ^ fj and fj is properly infinite. 
Thus after this first part of the reduction, we can assume, without loss of generality, that a = /3e + af for 
some /? > 0. 

Next, since the projections /c(e) and f{c{f) — c(e)) either vanish or are properly infinite, we can further 
decompose them into two infinite sums of mutually orthogonal projections ej. ~ e and ej! ~ /(c(/) — c(e)), 
that is, 

00 00 

fc{e)=Y,e', and /(c(/) - c(e)) = ^ e^'. 

fc=l k=l 

Then 

a = /3e + a/(c(e)) + af{c{f) - c(e)) =(3e + aJ2e'k + aJ2^k- 

k=l k=l 

Both summand have the form /3eo + aX]fc=i ^fe- 'where the projections {efc}j^ are mutually orthogonal and 
equivalent, /3 > 0, and a > 1. Thus this completes the reduction. Explicitly, we assume without loss of 
generality that 



a = /?eo + a^efe, e^ -- Co, /3 > 0, a > 1. 



fc=i 
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The equivalence of the projections {efc}g°, defines an embedding of B{H) in M [H separable infinite 
dimensional) under which the projections {efe}^ correspond to rank-one projections in B(H). Thus to 
simplify notations, assume henceforth that M = B{H) and that all the projections Ck have rank one. 

Since 

oo oo 

a={P- [l3\)eo + (a - [a - 21) ^ efe + [/3Jeo + [a - 2] ^ e^ 

fe=l k=l 

and [/3J e,, + [a — 2] X]fc=i ^k are already finite sums of projections, we can assume, without loss of generality, 
that 1 < a < 2 and that < /3 < 1. Set /Sq := /3, no = and N := [^J . 
Let 

ni := 

a — I 

Pi := /3o + fiia - [/3o + niaj 

ni — 1 

ai := ^oCno + a ^ Cj + (a - /3i)e„i . 

i=no+l 

Here and in the sequel, we adopt the convention of dropping any sum where the upper index of summation 
strictly less than the lower index of summation. So, if ni = 1, (which occurs when 1 — /? < a — 1), then the 
above formula just reads ai = /SqCo + (a — /3i)ei. 

By definition, < /?i < 1 < a and thus oi is a positive finite rank operator with 

Tr(ai) = ,3o + ("-i - l)a + a - /3i = [/3o + nia\ G N. 
o + Ejiiej ifA^o 



Rax — 



EiUe, if/3o-0 



and hence 



By definition of [•] , 



hence 



rank(ai) = <^ < ni + 1 

[m if /?o = 



7 < ni < + 1 = -, 

a — 1 a — 1 a — 1 



ni + 1 < /3o + nia < Po H ; — = — < 



a — 1 a — 1 a — 1 

From the first inequality, it follows that 

rank(ai) < ni + 1 < [/3o + niaJ — Tr(ai). 

From the remaining chain of inequalities it follows that 

Tr(ai) = l/3o + maj < L^— J = N. 

a — 1 

Since rank(ai) < Tr(ai) e N, Theorem 11.11 applies and we conclude that ai is the sum of Tr(oi) < N 
rank-one projections. 
Now 



oo rii—i oo 

a - ai = jSoCno + a ^ e^ - f /3oe„g -I- a ^ e^- + (a - /3i)e„J = /3ie„i + a ^ 



j=no+l j=no+l j=ni+l 
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has the same forni as the beginning operator a and with the same constant a. Thus repeating the construc- 
tion, let 



^2 := 111 



l-/?i 



a- 1 

h := Pi + ("-2 - ni)a - [/3i + (^2 - ?ii)aj 

"2 — 1 

02 := /3ie„^ +a 2J ej + [a ~ I32)en2- 

j=ni+l 

Then by the same argument as above, 02 is a positive operator with 

., . /"2-ni + l if/3i^0 
rank (02) = < < 712 - ni + 1 

yn2-ni it /?i = 

Tr(a2)= L/3i + ("2-ni)aJ e N 

and 

rank(a2) < Tr(a2) < N. 
So, again, by Theorem II. ip . 02 is a sum of not more than N projections. Notice that 

thus in general Ra^Ra^ does not vanish. We can iterate this process to construct for each k the positive 
operator 

rifc-l 

ak = Pk-iGuk-i + a X! '^i + (" ~ /3*:)enfc 

i=nfc_i+l 

which is the sum of at most A'" projections. By construction, a — Yl°iLi '^j- ^^ immediate but key observation 
is that already Ra^Ra^ = and in general Ra Ra , =0 for \j — j'\ > 1. Thus by Lemma [4.11 a is a sum of 
finitely many projections. D 

Now we proceed to one of our main results. 

Theorem 4.3. Let M be a von Neumann algebra. Assume that a G Af+ has a properly infinite range 
projection Ra and C'u{a) > i'c{Ra) for some v > 1. Then a is a finite sum of projections in M . 

Proof. Let 1 < a < v. By Proposition 13. 31 Xa[oi, c») ^ Ra- By [131 Lemma 3.2], Xa[ct, 00) = p + q for some 
projections p and q that commute with a and for which p '^ q '^ Ra. Then in particular, 

ap = axa[a, oo)p > axa[a, oo)p = ctp 

and similarly, aq > aq. Let 

fli := a{Ra — p — q) + {a — al)q + ap 

02 := (a — al)p + aq 

so that a — ai + 02. Since p and q and hence Ra — p — q commute with a, it follows that ai and 02 are both 
the direct sum of positive operators. Since p ^ q ^ Ra, it follows that Ra — p < p and p ^ q, thus both 
ai and 02 satisfy Lemma 14.21 and hence are both finite sums of projections. Thus a too is a finite sum of 
projections. D 

As already mentioned, in the c— finite factor case, the central essential norm reduces to the (scalar) 
essential norm relative to the ideal J{M). 

Corollary 4.4. Assume that AI is an infinite cr— finite factor and a e M+. A sufficient condition for a to 

be a finite sum of projections in M is that 
(i) ||a||e > 1 when M is of type loo (usual essential norm of B{H);) 
(ii) ||a||e > 1 when M is of type IIoo (essential norm relative to the ideal J{M);) 
(iii) ||a|| > 1 when M is of type III (operator norm). 
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The following examples show that we cannot relax the condition that C,j(a) is bounded away from /. 

First, notice that if a e B{H)~^ and Ra is infinite, then the condition ||a||e > 1 is necessary for a to be a 
finite sum of projections, since then at least one of the projections must be infinite, and hence, has essential 
norm 1. However, the following simple example shows that the condition ||a||e > 1 is not sufficient. 

Example 4.5. Let a = I + k with k e K{H)+, < Tr(fc) < oo but Tr(fc) ^ N. Then \\a\\e = 1. By ^ 
Theorem 17], a is not an infinite sum of projections, hence cannot be a finite sum of projections. In fact 
even j/Tr(fc) 6 N, if k has infinite rank, then a is not a finite sum of projections by Corollarv \5.8\ below. 

Next notice that even the condition C,j(a)(C) > 1 for all C G X is not sufhcient. 

Example 4.6. Let H be an infinite dimensional separable Hilbert space, let M := ®„^]^ B{H) and let 
a :— ®^]^(1 + —)!■ Then Cu{a) = a > I but it is not bounded away from I. By |25[ Theorem 3], for 
n > 5, (1 + — )/ is the sum of not less than n + 1 projections, and thus, a cannot be the sum of finitely many 
projections in M . 

5. Necessary conditions 

First, we extend to general von Neumann algebras a result that we have obtained for cr-finite factors and 
strong sums of projections in [51] Proposition 3.1]. For the B{H) case that result is equivalent to jS] Theorem 
1.2]. Denote by g the maximal finite central projection of A/ and by $ be the canonical center- valued trace 
on Mg. 

Proposition 5.1. Let a G Af+ and n £ N. Then the following conditions are equivalent: 
(i) There is a partial isometry v G M with v*v = Ra and a decomposition of the identity I = X)7"=i 1j *^^'' "■ 

mutually orthogonal nonzero projections qj G Af for which qjvav*qj — qj for 1 < j < n. 
(ii) a — "^j^iPj is the sum of n nonzero projections pj G M and there is a decomposition of the identity 

I — J2^=i 1j ^'^^^ '^ mutually orthogonal nonzero projections qj G M for which pj ^ qj for 1 < j < n. 
(iii) a = X]?=iPj '•^ ^^s sum of n nonzero projections pj G M, ^{ag) — g, and Rag^ ^ g^ ■ 

Proof, (i) <^ (ii). Basically, the same proof as in [211 Proposition 3.1], but restricted to finite sums. For 
the readers' convenience we briefly reproduce it here. Assume that (i) holds. For every 1 < j < n, let 
Wj := qjva^''^ . Then WjW* = qjva^''^a^''^v*qj = qj and hence pj := w*Wj is a projection equivalent to qj. 
Then 



Pj — y a"' "v'qjva"' " — a"''v''i > qjjva ' = a ' v*va ' — a ' RaO, ' —a. 



i=i 3=1 i=i 

Conversely, assume (ii) holds. Let Wj G M be partial isometrics for which WjW* = qj and w*Wj = pj and 
let b :— X]?=i ^3- Then b*b — Y^^ j=i '^l^j — Y^l=iP3 — '^- Let 6 — va^'"^ be the polar decomposition of b. 
then v*v = Ra and qjva^'"^ = qjb = X]"=i ^-j'^i — "^ji hence qjvav*qj — qj. 

(ii)<^ (iii) It is enough to prove the claim separately for the cases when M is properly infinite and when 
it is finite. 

Assume first that M is properly infinite (i.e., g = 0) and assume that (ii) holds. By Lemma [2. 101 there is 
a decomposition of the identity / — X^j^i .9i i^^^ central projections gj such that qjgj ^ gj. Then for every 
j 



Rag J =\\/ P^ ]93 > P393 ~ I393 



-J- 
,1=1 / 



Thus Ragj '~ gj for all j and hence Ra ~ I. Assume next that (iii) holds, i.e., Ra ^ I. Again by Lemma 
12.101 there is a decomposition of the identity / = X]i=i5j ^ito central projections gj such that pjgj ~ gj. 
By the assumption that M is properly infinite, we can decompose each gj — X]i=i ^ij i^^^ a sum of mutually 
orthogonal and equivalent projections e^ ^ gj. Then for each i ^ j, pigj -< Cij, thus we can choose 
projections pij so that pigj ~ pij < Cij. Set pjj := Cjj + J2t^j{'^i3 ~ Pij)- Then 

P3 9j -93 ^^33 <P33 <9j, 
hence also pjgj ^ pjj. The projections pij are mutually orthogonal, gj = X]j=iPu ^^^r all j, and hence 
J2'i.j=iPv = I- Let qi := YTj^iPij- Thus X^Li * = I- Furthermore, qig.j = pij -- p^Cj for all j and hence 
qt ^ Pi for all i, which proves (ii). 
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Assume now that M is finite (i.e., g — I) and that (ii) holds. Then 



n n n 

>(a) = $(Ep,) = E'^(p^) = E*(*) = *(^) = ^' 



' 'j = l j=l 3 = 1 

which proves (iii). Finahy, assume that (iii) holds, i.e., / = ^{o) — Tli'j=i^{Pj)- ^'^^ Ii '■— -Pi- Then 
^{P2) < I — ^{pi) = ^{I — Pi), hence p2 -< I ~ qi and thus there is a projection 92 with p2 ~ 92 < I — Pi- 
Proceeding inductively, we find mutually orthogonal projections qj ^ pj. Then 

n n n 

w - E 9^) = ^ - E *(*) = / - E '^fe) = 0' 

j=i j=i i=i 

whence X)?=i 9j — ^- ^ 

We need also the following result about two-sided not necessarily closed ideals. 

Lemma 5.2. Let M he a von Neumann algebra let I = X]i=i 9j /"'' some finite collection of mutually 
orthogonal projections qj G M , let "^{x) he the map on M defined by ^{x) := X^,-^]^ Qj^lj S M. Then 

(i) ^ is a faithful, normal, and trace-preserving conditional expectation onto ^j^iqjMqj. In particular, it 
is linear and positive. 

(ii) If J is a two-sided ideal of M (not necessarily closed) and a £ A/+, then a E J if and only if"^{a) G J. 

Proof. 
(i) Well known. 

(ii) If a G J, then obviously, ^(a) = TTj=i Ij'^lj ^ ■J- Assume that ^(a) G J. Since J is hereditary, it follows 
that qjaqj G J for every j. 
Let 

ji/2 .^ spanja; G M+ \ x^ G J}. 

It is well known that ,1^^"^ is also an ideal. (This fact can be easily verified using the characterization of the 
positive part of an ideal as a hereditary and additive collection of positive operators, see for instance |35[ 
3.21].) For every 1 <i,j < n, 

\qia^^^qj\'^ = {qiO^^^qj)* (qiO^^^qj) = qja^^^qiO^^^qj < q^aqj G J, 

whence \qia^^^qj\ G J^/^, and hence, qtaqj G J^/^. As a consequence, 

n 

aV2 ^ ^ ^^ai/2q^. £ ji/2 
jj=i 
and hence a E J. D 

Notice that if n = cxd, then ^(a) G J does no longer imply that a G J, as we see by considering non- 
compact positive matrices with a compact main diagonal. 

Definition 5.3. Given a G Af+, let 

a_ :~ (/ — a)xa(0, 1) i/ie defect operator associated with a 

a+ := (a — /)xa(l7C») ^^e excess operator associated with a. 
Notice that 

(7) a = fl-i- — a_ + Ra. 

When M is a a-finite factor, a characterization of strong sum of projections in M, i.e., of the sums of possibly 
infinitely many projections in M, with the convergence in the strong operator topology, was obtained in terms 
of the defect and excess operators in a previous work by three of the authors: 

Tiieorem 5.4. [31] Theorem 1] Let M he a a-finite factor. 
(i) Let M he of type I. Then a is a strong sum of projections if and only if either Tr(a+) = cxd or 
Tr(a_) < Tr(a+) < 00 and Tr(a+) - Tr(a_) G NU {0}. 



FINITE SUMS OF PROJECTIONS IN VON NEUMANN ALGEBRAS. 17 

(ii) Let M he of type II and a be diagonalizable (i.e., a — X]?!Li 7"^" /'''" 7n i! and e„ £ M mutually 
orthogonal projections). Then a is a strong sum, of projections if and only if T{a^) > T{a_) where t is a 
faithful semifinite normal trace on M . The condition is necessary even when a is not diagonalizable. 

(iii) Let M be of type III. Then a is a strong sum of projections if and only if either \\a\\ > 1 or a is a 
projection. 

We will present a necessary condition for a to be a finite sum of projections in the case when M is properly 
infinite. This condition is new even in the case of B{II). 

Recall that J{M) is the closed two-sided ideal generated by the finite M . Denote by F{M) the finite rank 
ideal, namely the generally non-closed ideal of the elements of M that have finite range projection. Then 
F{M) and J{M) share the same collection of projections, namely the collection of all the finite projections 
of M. 

Theorem 5.5. Let M be a von Neumann algebra, a £ M^ , and Ra be properly infinite. Assume that a is 

a finite sum of projections in M. Then 
(i) T(a^) > T{a^) for any (positive) trace t on Af+ if M is semifinite; 
(ii) c{R.a^)>c{Ra_); 

(iii) ifa+ e ./(M), then a_ G J(Af) and {ciRa+) - ciRa_))a+ G F{M); 
(iv) if M is a direct sum of finitely many factors, a+ G J{M), and a_ ^ 0, then a-|_ and a_ generate the 

same two-sided (non-closed) principal ideal of M . 

Proof. 
(i) By passing if necessary to M^^ , assume without loss of generality that R^ — I and that M is properly 
infinite. Then condition (iii) of Proposition [01 is satisfied and hence by condition (i) ibid there is a decom- 
position of the identity / = "^j^i Qj into mutually orthogonal projections Qj G M and an isometry v such 
that qjvav*qj = qj for all j. Equivalently, in the notations of Lemma |5.2[ 

'^(vav*) = I. 

Then by ^ 

'^(I) = I = "^{vav*) = *(w(a+ - a_ + I)v*) = ^'{va+v*) - "^{va-v*) -\- '^{vv*) 

and hence 

(8) ^{va+v*) = ^{va^v*) + -9{I -vv*). 

Notice that the three operators '^{va+v*), 'i>{va^v*), and '!'(/ — vv*) are positive. 
Thus if T is trace on Af + , we have 

T{a+) = T{va+v*) — r($(tia+ti*)) > T(^(wa_t)*)) — T{va-V*) = T(a_). 

(ii) Since '^'{va^v*) > '^{va^v*), and c(Ra^)^ is central, we have 

= ^{vciRa+)^a+v*) = ciRa^)^^{va+v*) > c(i?a+)^*(m_w*) = *(i'c(i?„^)^a_i;*) > 0. 

Thus ^{vc{Ra+)^a^v*) = 0. Since vc{Ra+)-'-a-v* > and * is faithful, it follows that vc{Ra^)^a-V* = 0. 
Since v is an isometry, c{Ra^)^a- = and hence c{Ra^) > c{Ra_). 
(in) Since a+ G J{M) it follows that *(wa+w*) G J{M). Since *(wa_w*) < ^i{va+v*) and ^{I -vv*) < 
^{va+v*) and hence it follows that \I'(ua_w*) G J(A/) and *(/ - vv*) G J{M). Then by Lemma [521 
va-v* G J(Af) and / — vv* G J{M). Since v is an isometry, a_ G J{M). Furthermore, all projections in 
J{M) are finite, hence 

(9) I -vv* eF{M). 
By (ii), c{Ra^) — c{Ra_) is a central projection and 

{c{Ra+) - c(i?a_))*(va-«*) = '^{v{ciRa^) - c(i?aj)a_i;*) = 0. 
Thus by ^ and ^ we have 

^{v{ciRa+) - c{Ra_))a+V*^ = {c{Ra+) - c{Ra_))^ (vO+V*) = {c{Ra^) - c(i?aj)*(/ - VV*) G F{M) 

whence we conclude by the same reasoning that (^c{Ra_^_) — c{Ra_))a+ G F{M). 
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(iv) The same argument as in (iii) shows that if a-|_ belongs to some two-sided ideal J, then also a_ e J. 
Conversely, assume that a- ^ J for some nonzero ideal J. If M is a factor, we have that F{AI) C J (see [T71 
Theorem 6.8.3]) and the same hold if M is a direct sum of finitely many factors. Since by ([9]), / — vv* G J 
and hence ^(/ — vv*) G J, we have by ([8]) that '^{va+v*) G J and hence by Lemma lOl that va+v* e J and 
thus a^ ^ J. D 

If Af has infinite dimensional center, then (iv) may be false. This is due to the fact that there are ideals, 
even principal ideals generated by projections with central support the identity, that do do contain F{M). 
The situation is illustrated by the following example. 

Example 5.6. Let M :— ^'^ B{H) where H is an infinite dimensional separable Hilbert space and let 
I = X]^i ^j ^^ '^ decomposition of the identity into mutually orthogonal rank-one projections Cj. For every 
n > 3 set 

1 'i " oo 

an:= -ei + -e2 + 2^ej+ ^ e^. 

i=3 j=n+l 

By Fillmore's theorem ] 1.1[ iei + |e2 is the sum of two projections, say pi + P2, and hence a„ is also the 
sum of two projections pi + X]7=3 ^j '^'^^ P2 + X^i^a ^j ■ Thus a :— ^3 a„ is also the sum of two projections. 
Now, 



00 _. n 






2 
3 



3=3 

and c{a-) — /. 



Thus 

00 

a+ e F(M) = {a^^a,,e M \ a„ e F{B{H)) Vn}. 
1 
On the other hand, it is easy to see that the principal ideal generated by 0+ is F[M) and the principal ideal 

generated by a„ is 

00 

Fo{M) := {a = a„ G F{M) \ suprank(a„) < 00} 
1 
and F(M) <^ Fo{M). Thus a+J{M), a_ ^ 0. but 0+ and a_ do not generate the same principal ideal. 

In the special case of B{H) we have 

Corollary 5.7. Let H be an infinite- dimensional separable Hilbert space, and assume that a G B{H)^ is a 

finite sum of projections and that a+ G K{H). Then 
(i) a_ €K{H). 

(ii) // a_ = 0, then a+ has finite rank. 
(iii) //a_ =/= 0, then a+ and O- generate the same principal ideal in B[H). 

Corollary 5.8. Let H be an infinite- dimensional separable Hilbert space let fci and k2 be nonzero positive 

compact operators. 
(i) a :— I + ki is a finite sum of projections if and only if fci has finite rank and integer trace. 
(ii) If b :^ L -\- (ki © — fe) is a finite sum of projections, then fci and ^2 generate the same principal ideal in 

B{H) and either Tr(fci) = 00 or Tr(fci) - Tr(fc2) G N U {0}. 

Proof. 
(i) By definition, a_ = and a+ = fci. Thus if a is a finite sum of projections, by CoroUarv 15.71 (ii) fc must 

have finite rank. By [211 Theorem 1] (see Theorem Oj) Tr(fci) = Tr(a+) - Tr(a_) G N U {0}. Conversely, if 

fci has finite rank and integer trace, then Rk^ + fci is a finite sum of projections by Theorem 1 1.1|) and hence 

so is a = R^^ + i?fcj + fci . 
(ii) By definition, 6+ = fci and 6_ = fc2, hence the conclusion follows from Corollary [5T7] (iii) and j2]j Theorem 

1] (see Theorem 231). □ 
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Example 5.9. Corollary \5.8\ permits to construct simple examples of operators that are infinite sums of 

projections but not finite sums of projections. 

In (i), choose ki with infinite rank and either infinite trace or integer trace. 

In (a) choose ki and fc2 that generate different principal ideals hut that have the same trace (finite or 

infinite) and hence by Theorem \5.4\ o,re strong sums of projections. To construct such operators, we can 

choose ki := diag(^„) and k2 := diag(77„) with both sequences ^n,Vn i 0, X]i°'Cn = J2T Vn < oo and 

satisfying the A1/2— condition, i.e., sup 4^ < cxi, and sup ^^^ < cxi. Then ki and fc2 generate the same 

ideal if and only if a^„ < rjn < /3£,n for all n and for some < a < /3. For instance, we can choose £,n = — 

and rjn = -^rpi or ^n = 2^ and r]n = ^2„2 ■ For background information on operator ideals in B{II) we refer 

the reader to [^ (see also |2Q] ,)■ 

Remark 5.10. There is some overlap between Corollaries \5.7\\5.8[ and Examvle \5.9\ and certain results in 

(i) If a G B(H)^ is a finite sum of projections and \\a\\e = 1, then a+ € K{H) and hence a_ G K(H) by 

Corollary \5.7\ (i). Thus a — Ra = a+ — a^ G K{H). This is O Lemma 3.1]. 
(ii) If a is a finite sum of projections and 0+ — a_ G K{H) has infinite rank, then by Corollary \5.7\ (ii) and 

(Hi) both a+ and a_ have infinite rank. This is the content of [51 Theorem 3.4]. 
(iii) Corollaru \5.8\ (ii) provides a generalization of IS] Theorem. 3.6]. 
(iv) Furthermore, Examvle \5.9\ is similar to, but more general than 5, Example 3.9]. 

The problem of characterizmg the positive operators of B{H) that are finite sums of projections remains 
open. 

Question 5.11. Is there a natural necessary and sufficient condition for the operator b = I + (fci © — fc2) of 
Corollaru \5.8\ to be a finite sum of projections? 



Notice that the technique used in 21 to decompose such an operator b into an infinite sum of rank one 
projections, does not seem to provide a natural way to assemble those projections into a finite sums of 
projections. 

6. Finite sums of projections in a type Hi factor 

In [5T] (see Theorem 15.41 here) we have proven that if M is a type IIi factor M with canonical trace r 
and a G M is a strong sum of projections, then 

(10) T((a-/)Xa(l,^)) >T((/-a)Xa(0,l)). 

This condition is also sufficient in the cases when a is diagonalizable, that is a = ^^^ 7ne.„ for some family 
of mutually orthogonal projections e„ G M and scalars 7„ > 0. In the latter case, the key step in the proof 
[2TI Lemma 5.1] was the special case when 

(11) a=(l-A)/ + (l + ^)e 

for a pair of mutually orthogonal projections e and / in M and scalars < A < 1 and /i > 0. For this case, 
condition (TTOl) can be rewritten as 



(12) ^lT{e) > Ar(/) 

and the proof in [211 Lemma 5.1] was reduced to the case when equality holds in ([T2l) . 

Using a different approach we will show that if M is a type IIi factor and a is diagonalizable and strict 
inequality holds in (|10|) then a is a finite sum of projections. We will start again with the special case (|TT|) . 

As in Lemma 1121 the strategy of the proof is to decompose a into a sum of two positive operators, bo and 
the "remainder" oi with the same form as a. bo is a positive combination of mutually orthogonal equivalent 
projections constructed so that bo satisfies Fillmore's necessary and sufficient condition (see Theorem I l.ip 
for being a finite sum of projections. The construction is then iterated and the crux is to establish a bound 
on the number of projections needed in each block, so to satisfy the conditions of Lemma [4. II 



Lemma 6.1. Let M be a type IIi factor, e and f be mutually orthogonal projections, < A < 1, and fi > 0, 

and a := (1 — A)/ + (1 + fi)e. If iiT{e) > \T{f), then a is a finite sum of projections in M. Furthermore, 
there is an upper bound on the number of projections needed that depends only on fi if f — and on 11 and 
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Proof. The cases when A = 1 (resp., A = 0) coincide with (resp., can be immediately reduced to) the case 
when a = (1 + /i)e. Hence assume that < A < 1. Assume first that /j, is not an integer. We wiU handle 
the case when jj, is an integer at the end of the proof as a simple consequence of the construction in the 
non-integer case. We construct recursively infinite sequences of projections Cj and fj in M and scalars Xj, 
starting with e_i :— e + f, Cq '■— e, fo :~ /, Aq :— A, and setting for all j > 



(13) 


ar- = {l-^j)fj + {l + ^^j)ej 


(14) 


^3 ■ = "-j ^ "i+1 


(15) 




(16) 


S,- ^(^^.) A, /,^0 


(17) 


7, :=min{|,i} /, ^ 


so that the following conditions are satisfied 


(18) 


e, ^0 


(19) 


e,f, = 


(20) 


fj + Ej < ej-1 


(21) 


< Aj < 1 



starting with ^Lq — ^i ( \x\ denotes the integer part of x) 



(22) ^ < (5j < 2 + /i for all j > 1 for which /^ ^ 

(23) Mj^(e,) > XAfi) 

(24) r(e,+i)<(l-^^^^^)r(e,) 

(25) Rb j&j+i = if ^j = ^j+i 

(26) 7^ 6j is a sum of A'j projections in M 

(27) TV, < i ^fi±££)! niax{5o, f } j = 0, / ^ 

[4(2±^ J>1 

Once this construction is achieved, we see from condition (|15p that ^j ^ Mj+i for at most one index jo. 
Indeed, if /i > 1 and if /, = for some j > 0, set j^, to be the first such index. Then 

(28) Mj = < II . ^ . 

If /i < 1 or if /j 7^ for all j, then /ij = /i for all j and in this case, set jo — oo. 
But then 

Mj - LMjJ = M - LmJ 7^ for all j, 

hence condition (|M1) implies that T(ej) — > and thus e,- — ?► 0. From (P0|) . it follows that also /, ^> and 

s s 

since the sequences {1 — A,} and {1 + Mj} ^I's bounded by (PTjl and P^ . it follows that Oj — > 0. By (|14p . 
a = X]i=o ^^ + ^i+i for all j and hence 



oo 



J=0 
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Now notice that for all j > 0, 

Rb, < Ra, (by (HI) 

= fj + ej (by (USD) 

< e,-i (by m-) 

Whenever fij = /ij+i, i.e., j ^ jo, then by (|25p we have 

Rbj ^ Cj + i > Rbj+2 ■ 

By ([77|) and (|^5|) . sup Nj = N < cx). At the end of the proof, we will find an explicit upper bound for N 
including also the simple case when ^ g N. 

Thus the sequence {bj}j^j^ satisfies the conditions of Lemma [4?T1 hence J2i^j ^j i^ ^ ^^"^ of at most 27V 
projections and thus a is a sum of at most 3iV projections. 

For the initial step of the construction, namely the construction of ei , /i , Ai , we need to consider separately 
the simpler case when / = and the key case when / ^ 0. 

Case (f = 0) This is the case when a — {1 + y)e. (fT5|) prescribes that Hx :— ^o — La*oJ and we set 
Ai := 1 — /ii, thus satisfying ([2T|). Since M is of type IIi, we can choose a projection /i < Co in M with 



t(/i) = i£ill££) and set d := €„ - /i, thus satisfying (dH) and <^. Furthermore r(ei) = (1 - ^° j-^"^ )r(eo), 
thus satisfying also ([HI), and ([24]). Then 

/iiT(ei) - Air(/i) = Yr(eo) = t(/i) > (thus satisfying ^) 



fli = (1 — Ai)/i + (1 + ^i)ei (as prescribed by ([13] 

= (l + ^i)eo -/i 

6o ; = flo — ai (as prescribed by ([14] 

= LMoJ Go + /i (thus satisfying (gH]) and (gTl) with iVo = [/XoJ + 1 

R ={'^° Mo > 1 
''" 1 /i Mo < 1- 



If ^i = /io, i.e., /Zo < 1, then i?;,^ = /i _L ei, which satisfies (|25p . Thus conditions (fT8|) -([24 l) are satisfied. 

ei)-Ai 



Furthermore, /i 7^ and 5i = ^'"^ fj ^"^^ ' = 1, thus satisfying 



Case (f 7^ 0) . Now we proceed with the first step of the construction in the key case when /o = ./ 7^ 0. 
Define nonnegative integers fc, n, and m and the positive real number a as follows: 



(29) k : = 



2 + A^o I . 2 + /io - 7o 2 + /io 

I.e., < fc < . 



Then fc > 4 since /io > and 7o < 5 and hence ^t^^° > 4. 
(30) n : 



fc(Ao + (5o - 7o) 1 , . Ao + (5o - 7o ^ "' + 1 Ao + (5o - 7o 1 
- 1 I.e., < — - — < ' 



/io flo f^ 1^0 "- 

Then n > because ^ °+ °-To) ^ q gjj^^g ;^^ > q, Jo — 7o > 0, and fc > 0. 

(31) m : = [(n + l)/io — fcAoJ + 1 i.e., (n + l)/io — fcAo < m < (n + l)/io — fcAo + 1. 
Then m > 1 because by ^ we have ^ > ^°+'^°~^° > ^ and hence (n + l)/io - fcAo > 0. 

(32) a : = fcAo — n^io + m. 
Then by ([31]) 

(33) /io < a < 1 + Mo- 
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As a consequence, 

(34) (^^+1)^ < ^(eo). 

Indeed 

[n + 1)^ < f ^o + So-lo ^ ^o y ^ ^^^ ^ 

k \ Ho 2 + ^o - 7o ^ 

+7o(:7- JjT-ifo) 

Mo ' 2 + /io - 7o ^o V 

< — -T{fo) (since < 70 < - < 2) 

fJ,Q Z 

= r(eo) (by dTB]).) 

Use the fact that M is of type IIi to partition /o = J2i=i Pj i'^to fc mutually orthogonal projections pj, each 
with trace t{pj) = '^ 1° and to find n + 1 mutually orthogonal equivalent projections qi < Co, each with the 
same trace T{qi) — '^^jf' . Now set 



n+l 

ei := 60 - ^ g,; (thus by ([MD T(ei) > 0, satisfying ((TH])) 

/i := I *'+' '^ a ^ 1 + Mo ^^^^^ satisfying dHl) and (EO])) 

10 a a = I + Ho 

\ a — Ho if a / 1 + Uo , , . ,. . r^^^ , 

Ai:=<^ ,.; • ,n 1^ -f 1, (thus satisfying eiD) 

I arbitrary m (0, Ij it a — 1 + Ho 

Hi — Ho (as prescribed by IE])) 



ai = (1 — Ai)/i + (1 + /ii)ei (as prescribed by (US])) 

n 
= (1 + Ho)eo - (1 + Mo) X! ^' ^ "9n+l 

^o = Oo — ai (as prescribed by (H!])) 

n 
= (1 - Ao)/o + (1 + Mo) X! ^' + "9n+l 

^ j ELi(1 - Ao)pj + Er=i(l + Aio)gj + agn+i if n > 
\Z]j=i(l ^ Ao)pj +ag„+i ifn = 0. 



Then 



fe n+l 

j=l i=l 

= /o + Co — ei (thus satisfying (^51) 1 
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and 

T(ei) (n + l)r(/o) 

— ^ (by the definition ot ei) 

(by (USD) 

(bydSQD) 
(since Ao > 0) 

(bydHD) 

(thus satisfying ([24l) .) 

Since ali the k + n+l niutuaiiy orthogonal projections in the decomposition of bo have the same trace, they 
are equivalent and we can view bo as belonging to a copy of Mfe+„+i(C) embedded (not unitally) in M. 
Under this identification, bo has rank(6o) = k + n + 1 and by ([5^ . 

Tr(6o) = fc(l — Ao) + n(l + /io) +Q; = fc + n + r?T,>fc + n + l= rank(&o)- 

Since k, n, and ?7i are integers, so is Tr(&o)- Then by Theorem 11.11 bo is the sum of No '■= k + n + m 
(equivalent) projections in M and condition (|26|) is satisfied. We claim that 

(35) iVo< ^^^ + ^°^' maxa,:^} 

Mo (^o 



^(eo) ^ 


kT{eo) 


= 1- 


{n + l)^o 

fc(Ao + 5o) 


< 1- 


K + So~ Jo 
Ao + (5o 


do 




1 
< - 

- 2 




< 1 - 


Mo - LmoJ 



thus satisfying (|27|) . Indeed 

TVo = fc = n + m 
< A: + n+(n+l)/io-A:Ao + l (by (JSTI)) 

= (n + l)(l + /io) + (l-Ao)fc 
'fc(Ao + ^o -7o) 
Mo 



<( ^^^°^^° ^°^ +l)(l + A^o) + (l-Ao)fc (by®) 

\ flo ' 

, /(^O-ToKl+Mo) , -^O _^ ,N ^ , _^ 

= k \ 1 1-1) + 1 + Mo 

<fc( (^°~^°^(^ + ^°^ +l + l) + l + Mo since Ao<l 

[lo [lo 

= (l+Aio)(— (l+'^o-7o) + l) 
V^o / 

^n^ w (2 + Mo)(l + ^o-7o) 

< (l + Mo)( 

Mo7o 



(l + Mo)( ^' + "°^^^ + ^°'"°^ l) (byil 

^ Mo7o ^ 

(i+Mo)( '^+"°»:+^^°^ +i) <5o 



(by dm) 



„ > 1 

.(i + ^°)v ai: — ^ + ij (Jo < 1 

,/(2 + Mo)(l + 2max{^o,^}) ^ 
= (1 + iio) — + 1 

V [io 

2(1 + Mo) /. ^ r. 1 . N 

= ^ ^^ 2 + ^o max{,5o, ^} + 1 + i>~o) 

< max|do, -^} 

fJ-o Oo 

It may be interesting to notice but not essential for the remainder of the proof that a similar argument yields 
the inequality 
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that shows that No must indeed be "large" both when So is "large" and when So is "small" . Thus to control 
the number of projections Nj in the iterated construction, we need upper and lower bounds on Sj as given 
bydH) 

To obtain such bounds for Si (in the case when /i ^ 0, i.e., when a < 1 + fJ.o) and at the same time verify 
that then the strict inequality (|23|) holds, we start from the following identity 

Ol = — 7T-^ -^1 



r{fi) 



r(fa) 
k 



- a + fio 



(byCH) 
(by the definition of ei,/i, Ai and /ii 



fiokrico) 



- {n + l)/^o - {kXo — nfio + 112) + ^o 



Thus 



and 



r{fo) '" ' ''^'" 




= kSo — m 




Si < kSo - (n + l)/io + kXo 




< kjo 




< 2 + ^0 




Si > kSo - (n + 1)^0 + kXo - 


- 1 


= k{Xo + So) - (n+ l)/io - 


- 1 


> k{Xo + So) - kiXo + So - 


-lo 


^ k-fo - ^lo - I 




>l-7o 




1 

> - 
- 2 





l^o 



(byil 


(by (fTB|. 


(by em 


(by dSOD 


(bydSi 


(byjaiD 


(by dSOD 


(by® 


(by (13. 



Thus ([221) is satisfied. In particular. Si > Q and hence condition ((23)) is satisfied when /i ^ 0. Notice that 
((23)) is trivially satisfied when fi —Q since ei 7^ by ((T8)) . 



N^< 




Notice now that the remainder ai = (1 — Ai)/i + (1 + /ii)ei has precisely the same form as the original 
element Oq, but while So (in the case when fo ^ 0) was arbitrary. Si (in the case when /i 7^ 0) is bounded 
above and below by ((22)) and hence max{(5i, j-} < 2 + /ii. Thus we can apply to oi the construction of Case 
(/ = 0) if /i = or Case (/ 7^ 0) if /i 7^ and obtain a better estimate for the upper bound of iV2. Indeed, 
from ((35)) applied to this second step 

/i=0 A{2+jiif f 4(2 + M)^ 4(2 + /i-LMj)^ l 

< < max \ , ' — ' > 

■max{(5i,3L} /iT^O Mi '^ M M - LW ^ 

thus satisfying ((27| for j > 1. The recurrence then proceeds exactly as in the case j = 1, thus concluding 
the proof for the case when fj, ^ N. 

Finally, assume that fj, € N. If / 7^ we can apply the construction of Case (/ 7^ 0) without any changes. 
And if then /i 7^ we can apply the construction again. There are two possibilities. 

Either fj never vanishes, i.e., the process continues indefinitely applying only the construction in Case 
(/ 7^ 0), in which case fj, = fij for all j and the same conclusion and the same bounds for Nj as in the first 
part of the proof hold, or there is some j for which fj = 0. Let jo be the first such index. In that case, 

fljo = (1 + Mjo)ejo = (1 + M)ej„ 
is already the sum of 1 + /i projections and the "remainder" aj„+i vanishes. Thus the process terminates at 
step jo- But for all < j < jo, Mj = Mi the bounds for Nj (see ((?7)) and the relations between the range 
projections of the elements hj and the projections Cj that we have obtained in the first part of the proof 
hold, and hence, so docs the conclusion. 



FINITE SUMS OF PROJECTIONS IN VON NEUMANN ALGEBRAS. 25 



Now to summarize, we have in all cases (i.e., whether n is an integer or not), 

/ = 
■ma.x{6o,j-} /^O 




4(2+m)-^ 



Jo^OO 



^^?^^^ima;;{MH±i^,i(2±H=iHiL^ ,„<^. 

But then, the bound N = max{No,supjyiNj} on the number of needed projections for each block, and 
hence the bound 3N on the number of projections needed to decompose a is seen to indeed depend only on 
/i if / ^ 0, and on /i and So = ^r(f) ~ ^ when / 7^ 0. D 

Remark 6.2. 

(i) If a = (1 + — )e with ?ti, n G N, then instead of proceeding with the Case (f=0) construction etc, we can 
decompose directly e into n mutually orthogonal equivalent projections. Then by identifying a with an element 
of Mn(C), we see that rank{a) = n and Tr(a) = n + m, hence a is the sum of n + m (equivalent) projections 
in M. In other words, if fi is rational we can terminate the construction in Lemma \6.1\ at any step where 
f, - 0. 

(ii) // a = (1 — A)/ + (1 + /i)e and j — —j-l — — for some m, n G N, then by decomposing e into m mutually 
orthogonal equivalent projections and f into n mutually orthogonal equivalent the same reasoning as in (i) 
shows that a is a sum of n + m equivalent projections. This observation shows that the strict inequality 
T{a-^) > T{a^) is not necessary for a to be a finite sum of projections. 

Before we consider the general case of a positive diagonalizable operator with T{a+) > T(a^), we need 
the following elementary lemma. 

Lemma 6.3. Assume that X]i=i ?» ~ '^j=i Vj for some ttj, n £ N and S,i, rjj > for 1 < i < m, 1 < j < n. 
Then for all 1 < i < m, 1 < j < n there are decomposition S,i = X^fcli Ci.fc; Vj — S^Li ^3,11 where ^i^k > 0, 

Vj,h > and such that {^i,k}l<i<m, l<k<rn{i} — {Vj,h}l<j<n, l<h<n{])- 

Proof. 

The proof is on induction on the number ni + n of summands. Assume without loss of generality that m < n. 
To simplify notations, assume also that the finite sequences ^j and rjj are already in monotone non-increasing 
order. Then m^i > nrjn- Thus if rjn > ^1 then m = n^ S,i — rjj for all i and j and there is nothing to prove. 
Thus assume that rjn < Ci and let ^[ :— S,i—rjn- Then £,[ + Y^^=2 ^i ~ Y^l=i ""Ij satisfies the same hypotheses 
but with a number m + n ~ 1 oi summands. Routine arguments conclude the proof. D 

Theorem 6.4. Let M be a type IIi factor and let a € M be a positive diagonalizable operator. Then a 
sufficient condition for a to be a finite sum of projections in M is i/iai r((a — /)xa(l, 00)) > r((/— a)xa(0, 1)). 

Proof. Assume without loss of generality that 1 is not a eigenvector of a and hence that 

iVi N2 

a = Y,il - Xj)fj +Y,il + ^^^)e^, 
3 = 1 1=1 

where A^i G NU{oo}U{0} (again, adopting the convention that a sum like X]7=i is dropped), N2 G NU{oo}, 
yUi > 0, < Ai < 1 for all i and j, and {e,, fj} are mutually orthogonal nonzero projections in M whose sum 
is the range projection Ra of a. Then 

Ni N2 

a+ = (/-a)xa (0,1) = ^ A-,/-, and a_ = (a - /)xa(l, 00) = ^/x^Ci. 
j=i 1=1 

Set 

N2 Ni 

7 — T(a+) -T(a_) = ^/A,T(e,) -^Ajr(/j). 
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Thus 7 > by hypothesis. Assume that iV2 = A^i = oo (the other cases are simpler and are left to the 
reader.) Set h = [14||a||] — 1. By hypothesis, ||a|| > 1 and hence h > 14. Choose A^ G N so that 

oo 
i=N+l ^" " ' 

Let Coo '■— Si^Af+i s» ^'^'1 ^o '■= X]i^7v+i(l + ^J■i)^i■ Then Oq > Coo ~ Ra^ a-iid we can apply Corollary 12.51 
with V — 1^ and by ([T]) with No — 12, Vo = 14 . Thus a can be expressed as a positive linear combination of 
not more than 

No + \Vo{}^ - 1)1 + 1 < 12 + ri4||a|| - 141 + 1 = /i 

projections. Thus Cq = X]fe=i o^fePfe '^o^' some collection of n < ft, nonzero projections pk ^ M and positive 
scalars au- Necessarily, \ctk\ < oik < \\o.o\\ < ||a||. By decomposing 

n n 

fc=l fe=l 

and noticing that the first summand is the sum of at most n\\a\\ projections, to simplify notations, assume 
that < Qffc < 1 for each 1 < A: < n . Set (3^ = 1 — ak- Thus 

A^ oo n 

(36) a = ^(1 + ^ii)e, + ^(1 - Xj)f, + ^(1 - Pk)Pk. 

i=l j=l fc=l 

Notice that the projections pk are not mutually orthogonal, but since pk < Coo for all k, each pk is orthogonal 
to all the projections e^ for 1 < i < A^ (and also to all the projections fj, although we do not need the latter 
fact.) Furthermore, 



^(3kT{pk) < ^r(pfe) < nr(eoo) < -r- 
fe=i fc=i 

We also have 

oo oo 

E M.r(e,)< J2 (ll«ll-lMe.) = (ll«ll-l)r(e^)<|. 

i=Ar+l i=N+l 

But then, 

A'^ oo n n oo 

^/i,r(ei)-^AjT(/j) -^/3feT(pfe) = 7-^/3fcr(pfc)- ^ fJ-irie,) > - > 0. 

i=l j=l k=l fc=l i=N+l 

Set 

N OO n 

i=l j=l k=l 

oo n 

3=1 k=l 

Then p,a > and 

A'' oo n 



i—l j=l k=l 



= E ^^■^(/^■) + E /''^^(p''-) + ^ ( E <f^) + E ^(p^) 

oo n 

(37) = E (^^- + ^Hf^^ + E (/5^- + ^)^(p'=) 

i=i fc=i 
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Choose m e N for which X]?!Lm+i i^J + f )'''(/j) — Mi'''(ei)- Since M is of type IIi, we can find mutually for 
each orthogonal projections ei j < ei for all j > to + 1 such that 

(38) r{e,,,)^±^x^ + ^)rif,). 



Set for j > TO, + 1 



Since by 



a(j) := (1 + Mi)eij + (1 - Aj)/j and a' := ^ a{j). 



^"'^^''^^ A, = ^>0, 



t(/,) 

it follows that a(j) satisfies the conditions of Lemma l6. II and hence is the sum of finitely many projections. 
Moreover, for each j, there is an upper bound N{i) on the number of projections needed that depends only 
on jjLi and ^^J', ^ V — \j, both of which are constant for all j. Thus N{j) is also constant, say N{j) = N' . 
As a consequence, a' is also a sum of finitely many projections. 

Now set 



a" 


\— a ~ a' 




oo 


e'l 


:= ei - ) ; eij 




j=m+l 



(39) 
Then 

AT 771 n 

(40) a" = (1 + Mi)e'/ + ^(1 + M»)e» + ^(1 - A,)/, + ^(1 - /3fe)pfe. 

i=2 j=l fc=l 

Now we have the identity 

N oo JV 

Mir(e") +^Mi'^(ei) = A'i'r(ei) -Ml X! '^(^ij) + X!^*'^^'^*) (by (EH)) 

TV oo 

= 5]M.r(e.)- Y. i>^o + ^Hfj) (by®) 

z— 1 j^rn+1 

m 11 



E (^^ + -)^(/^) + E (/^^- + -)^(P^) (by iZD.) 



a ^ — ' cr' 

i=i fe=i 



Now apply Lemma 16.31 to this identity, that is, decompose each of the summands so to "match" the 
subsummands and notice that every decomposition of the (scalar) summands in this identity leads to a 
corresponding decomposition in the projections. For instance, if for some i we have the decomposition 
i^iT[ei) = X]fe=i ^i,fei then, using the fact that M is a type IIi factor we can correspondingly decompose e^ 
into the sum e^ = X]fc=i ^i.fc o^ mutually orthogonal projections with traces T{ei^k) = ^^- Similarly, de- 
compose correspondingly all of the other projections fj and pk- To simplify notations, list as {//j™ (resp., 
{Pi}m'+i) ^11 tbe projections obtained from the decomposition of the projections {/j}™ (resp., {pk}i) and 
therefore list as {e^}" the projections obtained from the decomposition of the projections e" and {ej}^ and 
label accordingly the corresponding coefficients. Explicitly, 

^ ' ^'^'' m + ^Hp[) m' + l<^<n' 
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Using this decomposition, we rewrite (|40l) as 

n' m' n' 



i^l 



t—m 
n 



= E((l + ^^)^'' + (l-^^)/0+ E ((1 + A^-M + (1-/3Dp-) 

i— 1 -i— m' + l 

Thus a" is now decomposed into the sum of the n' positive operators 

Recall that while the projections pk niay not be mutually orthogonal, they are orthogonal to each of 
the projections e^ and hence so are each of the projections p[ into which they have been decomposed are 
orthogonal to each of the projections e'j . In particular e[ is orthogonal to p^ for every m' + I < i < n' and 
of course, e^ is orthogonal to // for every 1 < i < m' . By (PT|) we have 

^'^'' [Pirip-] m' + l<i<n'. 

Thus by Lemma |6.1[ each of these positive operators is a finite sum of projections, and hence so is a", This 
completes the proof. D 

An obvious consequence of this theorem is 

Corollary 6.5. If M is a type IIqo factor, a € M^ is diagonalizahle, Ra is finite, and T(a+) > r^a^), then 
a is a finite sum of projections. 

Remark 6.6. The condition that T(a^) > T(a-) alone, (i.e., without requiring also that Ra be finite,) is 
not sufficient for a to be a finite sum of projections (whether a is diagonalizable or not). For instance, if 
a+ e J(M), T(a_|_) = oo (necessarily Ra is infinite), but T{a-) < oo, then a_ belongs to the trace-class ideal 
while and a-|_ does not, so by Theorem \5.5l a is not a finite sum of projections. 

We have used the condition that a is diagonalizable in order to reduce the problem to the simpler case 
of Lemma l6. II However, this condition is clearly not necessary for a to be a finite sum of projections. For 
instance, if < a < 2/ and there is a unitary u for which uau* — 21 — a, then a, whether diagonalizable 
or not, is sum of two projections by [11] Corollary of Theorem 2] (see [HJ Proposition 2.10] for the von 
Neumann algebra case.) 

Question 6.7. Can the condition that a is diagonalizable be removed? 
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